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Nonlinear Relay Model for Post-Stall Oscillations
Arthur L. Schoenstadt*

Naval Postgraduate School, Monterey, Calif.

This paper considers an analytic treatment of divergent oscillations in the post-stall region for a general class
of aircraft. A limited, numerical investigation, on a single aircraft, has shown that a sufficiently large negative
lift slope can lead to these oscillations. Our investigation models the post-stall behavior in a general class of air-
craft, under the hypothesis that, if the slope of the lift curve is sufficiently negative then the aircraft will see an
essentially instantaneous loss of lift, which can be modeled by the introduction of a hypothetical relay. Linearity
assumptions on the other terms, together with conditions on the magnitude of various coefficients, lead to a
system of coupled, constant coefficient, first-order differential equations, with a forcing term characterized by a
jump discontinuity. Analysis of this system yields a necessary and sufficient condition for the existence of a limit
cycle, and transcendental equations predicting the period of this cycle. These conditions give predictions in ex-
cellent agreement with the results of the numerical investigation.
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Nomenclature
= mean aerodynamic chord (MAC)
= drag coefficient
= lift coefficient
= pitching moment coefficient
= gravitation acceleration
= moment of inertia about e.g.
= mass
= V2 PV2

- wing reference area
= thrust
= velocity component along thrust line ( = v cos a)
=>velocity along flight path
= velocity at trim configuration
= velocity component normal to thrust line ( = v sin a)
= angle of attack
= angle of attack at trim configuration
= elevator deflection angle
= pitch angle
= pitch angle at trim configuration
= density of air

-OQ
)/dt

I. Introduction

CONSIDERABLE literature exists describing the
tatic characteristics of aircraft near, or at, stall, in-

cluding detailed analyses of stall tendencies. However, there
appears to be little information on, or analytic treatment of,
aircraft dynamics in the region around stall, and especially
post-stall time histories in which divergent oscillations arise.
The latter phenomenon is quite interesting, since experienced
pilots apparently are familiar with the "rocking chair" or
"porpoising" stall, where the aircraft, with constant elevator
angle, alternately enters stall, then recovers, leading to a ver-
tical oscillation of the aircraft nose about some point.

Normally we define the airplane stall angle as that angle
where the vehicle's trimmed lift curve (CL vs a) has a global
maximum. It is well known that the lift curve then exhibits a
negative slope for some range of a. above the stall angle.
Therefore, we shall also use here ac, the stall break angle,
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defined as that angle where the lift curve has maximum
negative slope (Fig. 1). There is a paucity of information on
the nature of the lift curve in the post-stall or stall break
region, since experimental wind tunnel data has usually been
smoothed through this region based on engineering intuition.
In addition, actual treatment to define the stall break for a
physical aircraft is difficult since model data are subject to
scaling difficulties and aircraft parameter identification in the
nonlinear region is limited as present.

In his thesis, Frederiksen1 considered the problem of
divergent oscillations and limit cycles in this region. His linear
analysis was able to show, numerically for a single aircraft,
that a sufficiently large negative slope in CL in this region led
to roots for the characteristic equation which had positive real
parts (i.e., exponentially growing). This behavior is, of
course, transitory, and disappears by the time the aircraft
returns to a configuration where the lift slope is positive.
However, it did provide an insight into the mechanism that
might cause these oscillations. Furthermore, he was able to
simulate numerically time histories in which a "rocking
chair" stall did occur. However, due to the numerical nature
of his work and his concentration on a single aircraft, his
results are not readily extendible, or suitable for general
analysis.

This investigation attempts to analytically model the post-
stall behavior in a general class of aircraft. Our main
hypothesis is that, if the slope of the lift curve is sufficiently
negative in the region beyond the stall break, then the aircraft
will behave as if it sees a sharp, essentially instantaneous loss
of lift. If this is the case, then the lift curve can be more con-
veniently modeled in this region by the introduction of a
hypothetical "relay" acting at the stall break angle. We
assume that, except for this nonlinearity, CL, CM and CD can
be adequately approximated by linear functions. Those
assumptions, together with conditions on the magnitude of
various coefficients, lead to a system of coupled, constant

.1 .2 .3 .4 .5 a (radians)

Fig. 1 Typical CL vs a. curve.
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coefficient, first-order differential equations, with a forcing
term which has a jump discontinuity. Analysis of this system
yields a necessary and sufficient condition for the existence of
a limit cycle, and transcendental equations predicting the
period of this cycle. These conditions are then applied to the
case considered by Frederiksen, and it is shown our model
yields excellent agreement with his results.

II. Derivation of the Model
The aircraft, assumed to be in longitudinal flight, will be

described by means of the standard coordinate system shown
in Fig. 2. In this system, the equations of motion become

u={ T+qS[C{ sin ot-CD cos a] }/m

-g sin 6-wO (1)

(2)

(3)

H>= — qS[C L cos a + C^sin a]/m

and

S=(qSc/Iy)CM

a= { — u sin a+ w cos a}/v (4)

In most applications where the range of the variables is small,
the coefficients in this nonlinear system, although themselves
generally nonlinear, can be adequately approximated by
linear functions. As is obvious from Fig. 1, this is not the case
for CL in the neighborhood of the stall break.

The model developed here describes motion in a small
region about the stall break. The aircraft considered is trim-
med initially for constant attitude and angle of attack, and the
elevator angle and thrust, denoted by de and T, are assumed
held constant throughout. The velocity in trim configuration
is denoted v0, and since Frederiksen's results do not show a
significant variation in v compared to that in a and 6 during
limit cycles, we assume v = v0. Perturbations off the trim con-
figuration and their derivatives are represented in the usual
manner, e.g., &a = a~ a0, and Ad = (d/dt) (Aa) =d, etc.

The key ingredient of this investigation is modeling CL at
the stall break. Reference to Fig. 1 indicates that, if the
negative slope in the region past the stall break is sufficiently
steep, then an aircraft entering this region experiences an
almost instantaneous loss in lift. This is essentially equivalent
to the action of a hypothetical "relay" in the lift curve func-
tion CL. Thus, we shall model the lift curve as:

de+

(a-ac) (5)

where sgn(x) = \x\/x, Jt^O, sgn(0) = 0, and ac denotes the
stall break angle, .Figure 3 shows a sketch of a CL curve
generated by Eq. (5) superimposed on the CL curve from Fig.
1.

As noted, we will approximate CM and CD linearly, so that

(6)

and

(7)

(At stall, aerodynamic load distribution and intensity may
change substantially. This somewhat limits the generality of
our model, based as it is on linearity of CM and CD in this
region. However, in those cases where CM and CD cannot be

horiz.

Fig. 2 Aircraft coordinate system.

satisfactorily approximated by linear terms, but can be by
linear terms plus a sgn(a- a0) term, a minor modification in
this model should yield valid results.) Note, to facilitate
analysis, we have assigned algebraic signs so that, in normal
cases, all coefficients are positive.

Now if u and w which appear in Eq. (4) are replaced by
their equivalent expression in terms of Eqs. (1) and (2), and
the derivatives are replaced by the equivalent derivatives of
the perturbed quantities, we can reduce Eq. (3) and (4) to

d = -(T/mv0) sin(a0

cos ( 0 - a

- (qS/mv0)CL

(8)
and

CM (9)
Then, under the assumption that Aa and A0 are small, the
trigonometric terms in Eq. (8) can be expanded, neglecting
second-order and higher terms, after which the defining
equation for CL can be used to reduce Eq. (8) to:

sin «0-
QS

mvn
de de]

mvr
cosa,

g .

qSc qS
CL Asgn[Aa-(ac-a0)]

(10)

Now, using this expression to replace Ao; in Eq. (7), the
equation for CM, and substituting the resulting expression in-
to Eq. (9), yields

mv0 mv0

cos(00-cO]}-{CMa +

T i

^d[ —— sin(00-a0)

mv0 mvc

< SC ^

qSc
^^j-CWciCLAsgn(Aa-(Q:c-a0)) J (11)
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Fig. 3 Approximation to CL:
(5).

actual CL;—= given by Eq.

Equations (10) and (11) then describe our model.
In practice, many of the terms which appear in Eqs. (11)

and (12) are negligible. Calculations, using representative
values, will show for many, if not all cases, little is lost by
assuming

qSc
2mv2

n ' 2vr,

and also that
rri x-»C*

— sin(00-a0) - —— cos a0- —— CLrXc <1

and

—— sin(00-a0) <7
"o

Now, our assumption that the aircraft was trimmed at ot0,
B0 implies that all time derivatives vanish there. Thus, im-
position of the trim condition to Eqs. (10) arid (11) will yield
two additional relations, which can then be incorporated back
into Eqs. (10) and (11) to simplify the original equations.
Finally, incorporating the assumption on small values made
above results in the equations:

QS
mvn

LA

X (sgn(Aa- (ac-a0)) + sgn(a c -a 0 )} (12)

and

A0=- 2v0Iy

(QSc)2

2mlyv2
0
 CM*CLA

X {sgn(Aa- (oic-a0)) +sgn(ac-a0)}

We now define the quantities /5, w, a, and f by

qSc = 2 2

Iy MCt

qSc2

and

qSc2

2v0Iy

(13)

(14a)

(14b)

(14c)

(14d)

Since it becomes important in our later discussion, note here
that the quantity:

(2/3-f) =
qSc2

2VQIy

CM*>0

Thus our model for the flight dynamics of an aircraft, trim-
med for longitudinal flight at an angle of attack near the stall
break angle, becomes:

+ sgn(ac-a0) } (15)

X {sgn(Aa- (ac-a0)) + sgn(a c-a 0)) (16)
(Note that Eqs. (1.5) and (16) describe a simultaneous first-or-
der system in Acx and A0. Since the original system [Eqs. (1-
4)] was equivalent to a first-order system in four variables, a,
0, 0, and v, our model will obviously not describe the full
range of dynamics. However, we will show that it does appear
to predict the known limit cycle behavior. In essence, what we
are doing in Eqs. (15) and (16) is basing our analysis on the in-
fluence of the stall break on the short period mode of the air-
craft, and neglecting the long period mode. Furthermore, the
mathematical advantages of dealing with a two variable
system are enormous.)

III. Flight with Trim at the Stall Break Angle
We limit our investigation of the model described by Eq.

(15) and (16) to the case ac= «0, that is the aircraft is trimmed
for flight at the stall break. Then since ac — a0 = 0, the second
sgn function in both Eqs. (15) and (16) disappears. If we let
Xj = A0 and x2 = Aa, our system reduces to

x2=xI + a sgnx2 (17)

A. Geometric Behavior of Solutions
Consider the analytic behavior of this system in the (x h

x2) plane. The line JC2 = 0, which we refer to as the switching
line, divides the plane into two regions where, separately, the
equations are linear, constant coefficient, and homogeneous.
A key observation is that the right-hand sides of both
equations in (17) are odd functions of x} and x2, and hence
solution trajectories to this system appear in pairs which are
symmetric with respect to the origin. Thus, we need direct our
attention solely to the region x2>0, and draw any needed in-
formation about x2 <0 by symmetry arguments.

The critical (rest) points of this system, i.e., the points
where x 7 = x2 = 0, in the region x2 > 0, are given by x, =x2 = 0
and

(2/3-f)

(The second point has a symmetric image in x2 <0.) The fact
that (2/3- f)>0 guarantees the critical point in x2>0 actually
exists. The critical point at the origin is unstable, due to the
sgn term in Eq. (17). However, the homogenous part of Eq.
(17) has a characteristic polynomial \2 + 2(3\+ (/32-f co2)
whose roots must have negative real parts according to our
definition of f$ and a? in Eq. (14). Hence, the two critical
points not at the origin are locally asymptotically stable. (That
is, small perturbations off them decay back.)
B. Conditions for a Limit Cycle

From the previous stability discussion, any limit cycle tra-
jectory must pass through the switching line, and be sym-
metric with respect to the origin. Thus, any arc of the limit
cycle in the region x2 > 0, must originate on the switching line
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at the point (x*]90), and, after a half-period, must terminate
at the point ( — x*,Q). Thus, if we denote the half-period by
T, a necessary condition for a limit cycle period 2r is:

X2(0)=x2(r)=0 (18)

(This situation is represented in Fig. 4.)
It is easily shown that in the region x2 > 0 the solution to

Eq. (17) is given by

Xj(t) — — c je~^(^ cos ut + u sin ait)

+ c2e~Pt(u cos ut-@ sin ut) -a (19)

and

x2(t) = c1e~l3tcos Fig. 4 Limit cycle necessary condition.

(20)

(These simply represent arcs of decaying counterclockwise
spirals centered at the critical point in the upper half plane.)
Since the critical point is asymptotically stable, there must be
some curves in the region which never exit it, but decay down
to the critical point. Other curves will at some time exit the
region. Finally, since any trajectory interesecting the line
Xj = — a in the region x2 < 0 has a horizontal slope at the point
of intersection [see Eq. (17)], the boundary between the
decaying curves and those that exit to x2 <0 must just be that
curve which terminates at ( — #,0). (This curve is labeled in
Fig. 5.)

But the time interval represented by a trajectory in the
region x2>Q is a function of the counterclockwise angle (as
seen from the critical point) between the initial point [Xj (0),
0], and the point at which the trajectory first touches the
switching line again. Thus, any curve which represents a half-
period of a limit cycle must spend less time in x2>0 than r0,
where TO is the time represented by the curve (*) in Fig. 5.
Thus r satisfies

7r/o)<r<r0

where

x2(0)=x2(T0)=Q (21)

Conditions (18) and (21) now provide both the necessary and
sufficient conditions for existence of a limit cycle of period 2r.

Applying the conditions given in Eq. (18) to the solutions
(19) and (20) yield three equations involving c7, c2 and r.
Solving two of these for c l and c2 in terms of r, and sub-
stitution of these expressions into the third, followed by sim-
plification shows that Eq. (18) reduces to

(22)

A similar application of the definition of r0 in Eq. (21) to the
solutions given by Eqs. (19) and (20) yields

cos — /3 sin COTO = (23)

In view of our earlier comments, TO is defined as the smallest
positive solution of Eq. (23). Mathematically, then we can
summarize our results as follows.

o = critical
point

(*) = boundary curve

Fig. 5 Boundary curve in x2 > 0.

Table 1 Parameters for F-94fl

p
m
S
CLO

CL/
CMO

CM6

Oi0

Oic

= 2.38 xlO'3 slugs/ft3

= 384 slugs
= 239.0ft2

= 1.440
= 0.30
= 0.05
= 0.15
= 1.54
= 8.16
= 0.099
= 0.41 rad
= 0.41 rad

c = 6.40ft
ly = 2.65 x 104 slug ft2

CLd = 0.43
cj = io-5

CMd = 4.27
CMde = 0.88

V0 = 169 fps
T = 0.0 Ib

a Values used by Frederiksen.l

Theorem: The system Eq. (17) will have a limit cycle of
period 2r if and only if r satisfies Eq. (22) and

7T/a><T<T0

where r0 is the smallest positive solution of Eq. (23).

C. Example—The Case Considered by Frederiksenl

To determine validity of the predictions of this model, con-
sider the case used by Frederiksen.l Table 1 shows the table of
values appropriate to this case, which describes the F-94, a
straight wing, single engine jet. The value of the coefficients
appropriate to the linearized differential equations were com-
puted and are shown in Table 2. Note that our assumptions on
small size of certain coefficients seem valid. Using the values
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Table 2 Coefficients for the differential equations
based on parameters in Table 1

qSc
^ ' 2v0

sin '(B0-a0) = -0.058

T
sin (60-a0)- mv n

cos a0 —
qS

mv f
CLac= -0.096

<?£:'

qSc2

mt;0

<?Sc2
 c

2^0^ Ma

(2/3-r) = 0.30 >0
"Implies 0 = 0.23, to =1.72.

3.0 --

rsinh 3t

-3.0 --

sin cot

Fig. 6 Graphical solution of Eq. (22).

i.o ..

sin cot)

Fig. 7 Graphical solution of Eq. (23).

of /3, co and f so computed, Eqs. (22) and (23) were graphically
and numerically solved, and are graphically portrayed in Figs.
6 and 7, respectively. There are obviously two solutions of Eq.
(22) in the region 7r/co<r<27r/co: r=1.87 and r = 3.56. But
TO, defined as the first positive intersection of the curves in
Fig. 7, is given by r0 = 3.10. Thus, only the lower value of r
satisfies the requirement ?r/co< r< TO and there will be exactly
one limit cycle, with period 2r = 3.74 sec. Computing cj and
c2, which we commented could be determined in terms of r,

-2 .0--

-4.O..

-6.0

Fig. 8 Typical graph of G ( t ) .

Fig. 9 Graphical solution of Eq. (28).

and using the values to describe x2 ( t) = Ace ( /) as given by Eq.
(20), leads to an amplitude for this limit cycle of
Aamax=0.018 rad = l°. These values are in very good
agreement with those obtained by Frederiksen, which were
2r = 3.77 sec, Ao;max = 0.020 rad.
D. Additional Comment

We shall make on other fairly important observation on the
mathematical nature of Eqs. (22) and (23). Note that Eq. (22)
is equivalent to

sinh /3T
sin COT co (2/3-

(24)

Now since (2/3 — f) > 0, the region of interest for this eqation is
7T/co<r<27r/co. We denote

G(/)=sinh /ft/sin <*t (25)
G(t) is negative in the interval, and becomes vertical as t ap-
proaches (TT/CO) + and (27r/co)~. A straightforward analysis
of the properties of its derivative, particularly the algebraic
sign of its numerator (the denominator being a square), shows
that G(t) is monotonic increasing up to a unique maximum,
which occurs at some point rw, then monotonically decreasing
for the remainder of the interval. [Figure 8 shows a general
form for G( / ) - ] Since G(t) has these monotonicity proper-
ties, the relative locations of r0 and rm can be determined by
considering (dG/dO(r0). The derivative is evaluated by
replacement of the /5 sin cor0 term by Eq. (23), and sim-
plification, yielding (dG/dt) (r0) <0, i.e., G(t) is decreasing
at r0, and so by our earlier comment, rm < TO.

But observe that the right-hand side of Eq. (24) is in-
dependent of r. Thus, since Eq. (22) and (24) are equivalent, a
necessary and sufficient condition for Eq. (22) to have a
solution, based on our analysis of G(t), is

r sinh/3^ ~l co
max ————— > — —

/ <«2 / L. sin co/ J <
(26)
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Finally since G(TT + /a?) = - oo and r m < T O , then if Eq. (26)
is satisfied, then there must be a r< rm < r0 such that

sinh/3r c

Now if X< 0.280 and 0 = Xco, we have

sin COT OJ(^P — O

Then this r satisfies Eq. (22) and (23), and so generates a limit
cycle. Thus, Eq. (26) expresses a necessary and sufficient con-
dition for existence of a limit cycle in this model. This is ex-
pressed by the following theorem.

Theorem: The system (17), where (20-f)>0, will have a
limit cycle solution if and only if Eq. (26) is satisfied.

Observe that, with the substitution X = /3/co>0, and
77 = f/oj > 0, the necessary and sufficient condition becomes

max
ir<t<2ir

sinh \t
sint

7 + tyX-X2

(2X-7?)
(27)

(the left-hand side of which is clearly a function of X only.)
Since (2/3-f) >0, then (2X-r;)>0, or 0<r?<2X. Straight-
forward analysis can show the right-hand side of Eq. (27) has
its maximum value at rj=0. Thus, clearly a sufficient con-
dition for Eq. (27) to be satisfied, and hence for a limit cycle
to exist, is,

max
ir<t<2ir

sinhXf
sint

In Fig. 9 we plot the function

max
ir<t<2ir

sinh \t
sint

X2-/
2\

7-X2

2X

(28)

for 0<X< 1, and observe that Eq. (28) can be satisfied if and
only if

X< 0.280 (29)

Thus, Eq. (29) expresses a sufficient condition for existence of
a limit cycle.

and so we can approximate w= (co2 + /32) 1/2. But then, ac-
cording to the definitions of Eq. (14), X = /3/u is proportional
to

and we see our sufficient condition Eq. (29) translates into a
statement that C^ is somehow small compared to
CMa. Since CMa is analogous to a spring constant, and CM$
and CM6l are damping terms, we can view Eqs. (28) and (29) as
saying:

"A sufficient condition for existence of a limit cycle
behavior in the presence of a sharp negative lift slope, is that
the damping terms in CM are small relative to the "restoring"
term, CMa." Clearly this interpretation makes physical
"sense."

IV. Summary and Conclusions
In this paper, we have developed and analyzed a simple

two-variable model for post-stall time histories in the presence
of a sharp lift loss at stall. This model yields a simple
necessary and sufficient condition for the occurrence of a
limit cycle, i.e., "rocking chair" stall. Furthermore, the
model predicts values that are in very close agreement with
those obtained from numerical solution of the full, four-
dimensional, nonlinear case. Lastly, the model yields
physically satisfying information about the important
parameters for occurrence of this limit cycle.
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